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To clarify observational consequence of bubble nucleations in inflationary era, we
analyse dynamics of a spherical domain wall in an expanding universe. We con-
sider a spherical shell of the domain wall with tension σ collapsing in a spherically-
symmetric dust universe, which is initially separated into the open Friedmann-
Lemaˆıtre-Robertson-Walker universe inside the shell and the Einstein-de Sitter uni-
verse outside. The domain wall shell collapses due to the tension, and sweeps the
dust fluid. The universe after the collapse becomes inhomogeneous and is described
by the Lemaˆıtre-Tolman-Bondi model. We construct solutions describing this inho-
mogeneous universe by solving dynamical equations obtained from Israel’s junction
conditions applied to this system. We find that a black hole forms after the domain
wall collapse for any initial condition, and that the black hole mass at the moment
of its formation is universally given by MBH ≃ 17σ/Hhc, where Hhc is the Hubble
parameter at the time when the shell radius becomes equal to the Hubble radius. We
also find that the dust fluid is distributed as ρ ∝ R3/2 near the central region after
the collapse, where R is the area radius. These features would provide observable
signatures of a spherical domain wall generated in the early universe.
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2I. INTRODUCTION
The inflationary paradigm [1–5] is one of crucial pieces in cosmology, and recent de-
velopments in observational cosmology enabled us to study its features based on precision
measurements. For instance, the Planck Collaboration reported that some of phenomeno-
logical inflationary models are excluded at high confidence levels [6]. However, there are still
a lot of inflationary models that are consistent with current observations, and it is important
to clarify observational features of those models to discriminate them.
Some inflationary models are based on plausible theories of high energy physics, such as
the superstring theory and its low-energy effective theories. The string landscape scenario is
one of important concepts to discuss nature of the inflationary vacua in this class of models.
In this scenario, quantum tunnelling is a key ingredient to create inflationary phase of our
universe. Such a quantum tunnelling results in a bubble nucleation[7] during inflation, and
it may cause a multi-stream inflation [8, 9] whose signature would be observed in the CMB
sky [10]. The membrane nucleation in the context of the axion monodromy inflation [11, 12]
may provide another realization of the multi-stream inflationary model.
Let us consider a bubble nucleation with a spherical domain wall during inflation. Sup-
posing that the regions inside and outside the domain wall are approximated by de Sitter
solutions with different values of the cosmological constant, we can apply the membrane
nucleation process proposed in Refs. [13, 14]. In this process, the system is separated into
two vacuum regions by a spherical domain wall at the moment of the bubble nucleation.
The value of the cosmological constant corresponds to the potential height in each region,
and the interior region has lower energy density compared to the exterior inflationary uni-
verse. The domain wall becomes super-horizon size soon after the nucleation, and after the
inflation end it comes back to our horizon and starts to collapse due to its tension. In this
paper, we analyze dynamics of such a domain wall shell just before and after it enters our
horizon. Here, we assume that the domain wall shell survives without decaying even after
the inflation, and that there is no interaction other than the gravitational one between the
shell and matter fields during the collapse.
The collapsing domain wall will induce inhomogeneity to the background matter, and it
would be an important observational feature of this system. In general, the spacetime and
matter after the shell collapse will be disturbed not only by the gravitational interactions
but also by the sound wave emitted from the shell, and it would be difficult to study their
dynamics without resorting to numerical simulations. To circumvent this difficulty, as a first
step, we concentrate on a matter-dominated era and treat the matter component as dust
fluid, for which the sound speed vanishes. Then, the spherically-symmetric inhomogeneous
universe can be analytically described by the Lemaˆıtre-Tolman-Bondi (LTB) solution. This
assumption puts a restriction on the applicable scope of our analysis. Since the bubble
must enter the horizon during matter-dominated epoch, the domain wall size at the horizon
crossing must be larger than 100 Mpc comoving scale as long as we apply it to the late matter-
dominated era. Our analysis can be applied also to the matter-dominated era between the
inflation end and the radiation-dominated era, if such an era exists, and the restriction on
3the domain wall size mentioned above could be avoided in this case.
Based on the discussions above, we study a spherical domain wall collapsing in a dust-
dominated Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) universe. The spacetime region
swept by the domain wall becomes inhomogeneous and is described by the LTB solution.
The region outside the initial comoving radius of the domain wall is not influenced by the
domain wall collapse and is described by the Einstein-de Sitter (EdS) universe. Throughout
this paper, we treat the domain wall as a thin shell with tension, that is, a shell with energy-
momentum tensor equal to the induced metric multiplied by a constant coefficient. Applying
Israel’s junction conditions [15] to the shell, we obtain a set of ordinary differential equations
to fix the shell trajectory and the inhomogeneity in the LTB region. We numerically solve
these equations and figure out properties of the inhomogeneity. We also find that a black hole
forms at the center of the system in the final stage of the collapse, and study its properties.
This paper is organised as follows. After reviewing Israel’s junction conditions briefly in
section II, we apply them to our system in section III. A set of ordinary differential equations
for the shell trajectory and the LTB functions are derived in section IV, and initial conditions
for these equations are described in section V. Results are listed in section VI. Section VII
is devoted to a summary.
In this paper, we use the geometrised units in which the speed of light and Newton’s
gravitational constant are one.
II. JUNCTION CONDITIONS WITH SPHERICAL SYMMETRY
We consider a 3-dimensional spacelike or timelike hyper-surface Σ embedded in a 4-
dimensional spacetime (M, gµν). To fix our notation, we start with a brief review of Israel’s
junction conditions [15] and their application to a system with spherical symmetry [16]. For
convenience, we first define the following brackets:
[A]± := A+ − A−, (1)
{A}± := A+ + A−, (2)
where we put subscripts ± to denote the value on each side of the hypersurface Σ. We also
use the expression A defined by
A :=
1
2
{A}± = 1
2
(A+ + A−) . (3)
A. Junction conditions
Letting sµ be unit normal form to Σ, we can define the induced metric hµν and the
extrinsic curvature Kµν as
hµν := gµν − ǫsµsν , (4)
Kµν := h
α
µ ∇αsν = Dµsν , (5)
4where Dµ is the covariant derivative on Σ and ǫ = +1 (−1) when Σ is spacelike (timelike).
Then, the junction conditions are expressed as follows:
• First junction condition
[hµν ]
± = 0. (6)
• Second junction condition
[Kµν ]
± = 8πǫ
(
−Sµν + 1
2
Shµν
)
, (7)
where Sµν is the energy momentum tensor of matter fields on Σ and S = h
µνSµν .
• Shell equation of motion
SµνK
µν
= [Tµνs
µsν ]± , (8)
where Tµν is the energy momentum tensor in the region M− {Σ}. As is shown in
Ref. [17], the left-hand side of this equation can be divided into (shell inertia) × (shell
acceleration) and the surface pressure term, while the right-hand side can be regarded
as the net normal pressure on the surface from the outside. This equation is thus
interpreted as the shell equation of motion.
• Shell energy conservation
DµS
µ
ν = − [Tµαsµhαν ]± . (9)
This equation can be derived by integrating the energy conservation law for the sum
of Tµν and Sµν in the vicinity of the shell. The right-hand side corresponds to the
energy-momentum flux into the shell from its surroundings.
B. Spherically-symmetric spacetime and a shell
In this subsection, we apply the junction conditions summarised above to a spherically-
symmetric spacetime and a shell. Hereafter, we assign a subscript + (−) to variables in the
region outside (inside) the shell. General spherically-symmetric line elements can be written
as
ds2 = −e2α(t,χ)dt2 + e2β(t,χ)dχ2 +R2(t, χ) (dθ2 + sin2 θdφ2) . (10)
We consider the motion of a spherical shell in this spacetime described by
t = ts(τ), χ = χs(τ), (11)
where τ is the proper time associated with the shell trajectory in the radial direction. The
coordinate components of the radial tangent vector vµ is given by
vµ = (t˙s, χ˙s, 0, 0), (12)
where the dot ( ˙ ) denotes a derivative with respect to τ .
5We restrict the form of the energy momentum tensors T µν± and S
µν to the perfect fluid
type, that is,
T±µν = (ρ± + p±) u
±
µu
±
ν + p±g
±
µν , (13)
Sµν = (σ +̟)vµvν +̟hµν , (14)
where uµ±, ρ±, p±, σ and ̟ are the fluid four-velocity, energy density, pressure, shell surface
density and surface pressure, respectively.
Substituting these expressions into the junction conditions (7)–(9), we obtain the follow-
ing 4 nontrivial equations for the spherically-symmetric shell [16]:
• (θ, θ) component of the second junction condition
[sµ∂µ lnR]
± = −4πσ. (15)
• (τ, τ) component of the second junction condition[
sµ
Dvµ
dτ
]±
= 4π(σ + 2̟). (16)
• Shell equation of motion{
sµ
Dvµ
dτ
}±
= −2
σ
[
(ρ+ p)(uµsµ)
2 + p
]±
+
2̟
σ
{sµ∂µ lnR}± . (17)
• Shell energy conservation
Dµ (v
µ(σ +̟))− vµDµ̟ = [(p+ ρ)uµvµuνsν ]± . (18)
III. SHELL IN A DUST-DOMINATED UNIVERSE
Based on the junction conditions for a spherically-symmetric spacetime, we consider
dynamics of a domain wall shell in a dust-dominated FLRW universe assuming spherical
symmetry. Due to the Ricci focusing effect of the shell, the expansion rate of the dust
particle trajectories becomes smaller after the shell intersects them. This effect makes the
density distribution of the dust fluid inhomogeneous in the shell exterior region, and the
resultant inhomogeneous universe is described by the LTB model. We introduce geometric
descriptions of this system below.
A. Shell interior: FLRW universe
The shell interior region is filled by the FLRW universe with the metric given by
ds2− = −dt2− + a2(t−)
[
dχ2 + f 2(χ)dΩ2
]
, (19)
6where
f(χ) =


sinχ for K = 1 (closed universe)
χ for K = 0 (flat universe)
sinhχ for K = −1 (open universe)
. (20)
Time evolution of the scale factor a(t−) is described by the Friedmann equations:
8πρ− = 3
(
∂ta
a
)2
+ 3
K
a2
, (21)
0 = −2
(
∂2t a
a
)
−
(
∂ta
a
)2
− K
a2
, (22)
where we have omitted the subscript − of t− in ∂ta and ∂2t a for notational simplicity. The
energy-momentum tensor of the dust fluid is given by
T µν− = ρ−u
µ
−u
ν
−. (23)
B. Shell exterior: LTB model
The spacetime outside the shell is described by the LTB model, whose metric is given by
ds2+ = −dt2+ +
(∂rR)
2
1− k(r)r2dr
2 +R2(t+, r)dΩ
2. (24)
where k(r) is an arbitrary function. For this metric ansatz, the Einstein equations can be
reduced to
(∂tR)
2 = −kr2 + 2M(r)
R
, (25)
where ∂tR := ∂t+R. M(r) is the Misner-Sharp mass [18] at the radius r, and it is related to
the dust energy density in this spacetime as
8πρ+ =
2∂rM
R2∂rR
=
r2m+ 1
3
r3∂rm(r)
R2∂rR
, (26)
where we have defined m(r) = 6M(r)/r3. Hereafter, we describe the LTB solution using the
expression given in Ref. [19]. The solution for Eq. (25) is given by
R(t+, r) = rm
1/3
(
t+ − tB(r)
)2/3
S(x), (27)
where
x := km−2/3 (t+ − tB)2/3 , (28)
tB(r) is an arbitrary function that determines the big-bang time, and S(x) is a function
defined implicitly as
S(x) =


cosh
√−η − 1
61/3(sinh
√−η −√−η)2/3 ; x =
−(sinh√−η −√−η)2/3
62/3
for x < 0 ,
1− cos√η
61/3(
√
η − sin√η)2/3 ; x =
(
√
η − sin√η)2/3
62/3
for x > 0 ,
(29)
7and S(0) = (3/4)1/3. The function S(x) is analytic for x < (π/3)2/3, for which the metric (24)
describes a physical spacetime. Some other characteristics of the function S(x) are given in
Refs. [19, 20]. This expression of the LTB solution has an advantage for numerical analysis
that the solution is described by apparently explicit functions of the coordinates t, r once the
value of S(x) is determined numerically from Eq. (29). The arbitrary functions k(r), m(r)
and tB(r) will be determined according to the junction conditions and a gauge condition at
the shell, as we see in the following sections.
C. Shell trajectory
A spherically-symmetric shell is separating the interior FLRW region and the exterior
LTB region in our setup, and its trajectory is described by Eqs. (11) and (12) in general
spherically-symmetric coordinates. We summarise their expressions in the coordinates in-
troduced in the previous sections.
The shell trajectory is described by the coordinates inside and outside the shell as
t− = t
s
−(τ), χ = χ
s(τ), (30)
t+ = t
s
+(τ), r = r
s(τ), (31)
where τ is the proper time on the shell along the radial direction. The radial tangent vector
vµ± in each coordinate is given by
vt± = t˙
s
±, (32)
vχ− = χ˙
s =: y, (33)
vr+ = r˙
s =: w. (34)
From the normalisation condition vµ±v
±
µ = −1, we find
t˙s− =
√
1 + a2y2 := γ−, (35)
t˙s+ =
√
1 +
(w∂rR)
2
1− kr2 := γ+. (36)
We show a schematic of the system and summarise the geometric quantities in Fig. 1.
We also introduce the unit radial vector sµ± normal to the shell, whose components are
(s−t , s
−
χ ) = (−ay, aγ−), (37)
(st−, s
χ
−) = (ay, γ−/a), (38)
and
(s+t , s
+
r ) =
∂rR√
1− kr2 (−w, γ+), (39)
(st+, s
r
+) =
(
∂rR√
1− kr2w,
√
1− kr2
∂rR
γ+
)
. (40)
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FIG. 1: A schematic of our setup. The shell collapses in the dust-dominated FLRW universe,
and the spacetime region after the shell collapse becomes inhomogeneous and is described by the
LTB solution. The region outside the initial comoving radius of the shell r0 is not influenced by
the shell collapse and kept to be the EdS universe.
Using the normal vector sµ±, the induced metric h
±
µν is defined by
h±µν = g
±
µν − s±µ s±ν . (41)
Since the first junction condition requires h+µν = h
−
µν , we can regard hµν = h
±
µν as the unique
metric on the shell.
Motivated by the bubble nucleation scenario discussed in the introduction, we restrict
the form of the shell energy momentum tensor Sµν to the pure tension type, that is,
Sµν = −σhµν (42)
with σ being a constant.
IV. EVOLUTION EQUATIONS ALONG THE SHELL TRAJECTORY
The shell trajectory and the arbitrary functions of the LTB model are determined by solv-
ing the junction conditions and the Einstein equations, which are summarised in sections II
and III. We rewrite those basic equations into the form amenable to numerical integration.
Hereafter, we consider 9 “dynamical” variables with respect to the time coordinate τ :
ts±(τ), χ
s(τ), rs(τ), y(τ), w(τ), m(rs(τ)), k(rs(τ)) and tB(r
s(τ)). We regard m, k and tB as
functions of τ rather than rs, and we omit the arguments of the functions and superscript
“s” for notational simplicity unless it is misleading. We firstly fix the gauge freedom in r
by imposing the gauge condition (43), and then describe the evolution equations obtained
from the basic equations.
9• Gauge condition on r
∂rR =
√
1− kr2. (43)
We assume that this gauge condition is satisfied along the shell trajectory, because
this choice of gauge is useful to simplify the equations of motion derived below. As
shown in Ref. [21], this condition can be rewritten as
Cm˙+Dk˙ + E ˙tB = Fw (44)
with
C =
1
3
rm−2/3(t− tB)2/3(S − 2xS ′), (45)
D = rm−1/3(t− tB)4/3S ′, (46)
E = −2
3
rm1/3(t− tB)−1/3(S + xS ′), (47)
F =
√
1− kr2 −m1/3(t− tB)2/3S. (48)
This equation is regarded as a dynamical equation since it contains derivative terms
of dynamical quantities. The gauge freedom in r is fixed by this dynamical equation
once its initial value, which will be specified later, is given.
• First junction condition (6)
af = R. (49)
Since this equation does not have any derivative of a dynamical quantity, it can be
regarded as a constraint equation. Total differential of this equation with respect to
τ gives another constraint equation as
γ−∂t(ln a) + y∂χ(ln f) = γ+∂t(lnR) + w∂r(lnR). (50)
• Second junction condition
– (θ, θ) component (15)
w∂t(lnR) + γ+∂r(lnR)− y∂ta− γ−
a
∂χ(ln f) = −4πσ. (51)
This equation does not have any derivatives of dynamical variables, and thus it
is regarded as a constraint equation.
– (τ, τ) component (16)
w˙
γ+
− ay˙
γ−
+
Gm˙
∂rR
+
Hk˙
∂rR
+
I ˙tB
∂rR
+
wJ
∂rR
− 2∂tay = −4πσ, (52)
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where
G = ∂tC =
1
6
rm−2/3(t− tB)−1/3 1
S2
, (53)
H = ∂tD =
2
3
rm−1/3(t− tB)1/3(2S ′ + xS ′′), (54)
I = ∂tE =
1
6
rm1/3(t− tB)−4/3 1
S2
, (55)
J =
2
3
m1/3(t− tB)−1/3(S + xS ′). (56)
• Shell equation of motion (17)
w˙
γ+
+
ay˙
γ−
+
Gm˙
∂rR
+
Hk˙
∂rR
+
I ˙tB
∂rR
+
wJ
∂rR
+ 2∂tay = −2
σ
(
ρ+w
2 − ρ−a2y2
)
−2
[
w∂t(lnR) + γ+∂r(lnR) + y∂ta+
γ−
a
∂χ(ln f)
]
. (57)
• Shell energy conservation (18)
ρ+γ+w − ρ−γ−ay = 0 ⇔ γ+r
2(3mw + rm˙)
24πR2∂rR
− ρ−γ−ay = 0. (58)
• Dynamical equations for ts±, χs and rs
Equations (33), (34), (35) and (36) can be regarded as the dynamical equations for
ts±, χ
s and rs:
t˙s± = γ±, (59)
χ˙s = y, (60)
r˙s = w. (61)
Up to this point, we have found 8 dynamical equations ((44), (52), (57), (58), (59), (60),
(61)) and 3 constraint equations ((49), (50), (51)) in total.
From the constraint equations (49), (50) and (51), we obtain the following expressions:
R = af, (62)
∂tR = ∂tafγ−γ+ + a∂χfγ+y − ∂χfγ−w − a∂tafyw + 4πσafw, (63)
∂rR = ∂χfγ−γ+ + a∂tafγ+y − ∂tafγ−w − a∂χfyw − 4πσafγ+. (64)
Using Eqs. (63), (64) and the gauge condition (43), the Einstein equation (25) can be recast
into the following form:
M =
1
6
mr3 =
4π
3
a3f 3ρ− + 4πσa
2f 2 [∂χfγ− + af (−2πσ + ∂tay)] . (65)
The left-hand side is the quasi-local mass of the spacetime measured at the shell location on
the outer side of it. In the right-hand side, this mass is decomposed into two terms, where
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the first one originates from the dust energy density ρ− contained inside the shell while
the second one originates from the shell surface energy density σ. In the bubble nucleation
scenario, the energy density inside the bubble decreases from that outside the bubble, and
the energy deficit is converted into the shell surface energy. Equation (65) can be interpreted
as an equation describing such a compensation of energy deficit by the shell surface energy.
Using Eqs. (44), (52), (57), (58), we can obtain expressions for m˙, k˙, ˙tB and y˙ in terms of
w˙ and quantities without derivatives. Using these expressions and the constraint equations,
we can show that Eqs. (50) and (51) are kept satisfied as long as they are satisfied at the
initial time (see Appendix B). Since only 8 dynamical equations are independent while there
are 9 dynamical variables, we need another equation to determine their time evolution. In
this paper, we impose the following condition on the four-velocity of the dust fluid:
[uµsµ]
± = 0 ⇔ w = ay. (66)
This condition prescribes that the dust particles pass through the shell without friction, that
is, there is no interaction between dust particles and the shell except for the gravitational
one. This equation can be derived also from a requirement that the energy-momentum of
the dust fluid and that of the shell are conserved individually. Equation (9) describes the
conservation of the total energy-momentum, and by demanding both left and right-hand
sides of this equation to vanish we can derive Eq. (66).
Equation (66) can be regarded as an additional constraint equation. Combining this
equation with Eq. (58), we find
ρ+ = ρ−. (67)
Also, differentiating Eq. (66), we obtain an additional dynamical equation
w˙ = ∂taγ−y + ay˙. (68)
In summary, we obtain 4 independent constraint equations and 9 independent dynamical
equations for 9 variables t±, χ, r, y, w, k, m, tB. There are several trivial relations between
these variables, and thus we do not need to solve all of the dynamical equations. For example,
since
γ− = γ+ (69)
follows from Eq. (66), we obtain
t˙− = t˙+. (70)
In the following, we rewrite the dynamical equations to the form convenient for numerical
integration. First, we rewrite all the equations taking (66) into account. Equations (63) and
(64) can be rewritten as
∂tR = f
(
∂ta+ 4πa
2yσ
)
, (71)
∂rR = ∂χf − 4πafγ−σ. (72)
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Equations (44), (52), (57) and (58) can be rewritten respectively as
Cm˙+Dk˙ + E ˙tB = Fay, (73)
Gm˙
∂rR
− ay˙
γ−
+
1
γ−
w˙ +
Hk˙
∂rR
+
I ˙tB
∂rR
+ 4πσ − 2∂tay + ayJ
∂rR
= 0, (74)
Gm˙
∂rR
+
ay˙
γ−
+
w˙
γ−
+
Hk˙
∂rR
+
I ˙tB
∂rR
+
4∂χfγ−
af
− 8πσ + 6∂tay + ayJ
∂rR
= 0, (75)
r3m˙+ 3aymr2 − 24πa3f 2y∂rRρ− = 0. (76)
From these equations and Eq. (68), we obtain
m˙ = −3aym
r
+
24πa3f 2y∂rRρ−
r3
, (77)
y˙ = −2∂χfγ
2
−
a2f
+
6πγ−σ
a
− 4∂tayγ−
a
, (78)
w˙ = ∂taγ−y + ay˙, (79)
k˙ =
8π∂rR∂tRσ
r2
− 2∂tay∂rR∂tR
r2
− 2ayk
r
− y∂rRmr
3af 2
+
8πa2fy∂rRρ−
r2
, (80)
t˙B =
2D∂rR
r2
(4πσ − ∂tay) + 6ay
r3
(
m− 8πa
2f 2∂rRρ−
r2
)
(CH −DG)
+
2ay
r2
(DJ + FH) . (81)
These equations and Eqs. (59), (60) and (61) constitute the dynamical equations for our
system. Since w can be calculated from y via Eq. (66), we do not need to solve Eq. (79). In
addition, t+ is trivially obtained from the value of t− and initial conditions using Eq. (70).
We can also avoid solving Eqs. (80) and (81) as follows. The value of k can be evaluated by
Eq. (25) and the constraint equations. For tB, we use integral of Eq. (25) with respect to R
to express it in terms of t+ and other dynamical variables:
t+ − tB =


−
√
R(mr−3kR)√
3kr
+
m arctan
( √
3kR√
mr−3kR
)
3k3/2
for ∂tR > 0,
mpi
6k3/2
+
√
R(mr−3kR)√
3kr
− m arctan
( √
3kR√
mr−3kR
)
3k3/2
for ∂tR < 0.
(82)
For our purpose, it is better to use t− or the scale factor a as the variable to parametrise
the shell trajectory instead of the proper time τ , because τ degenerates if the trajectory
approaches a null trajectory. t− is obtained from the integral of Eq. (21) with respect to a
as
t−
α
=
√
a
α
(
1 +
a
α
)
− arcsinh
√
a
α
, (83)
where
α =
8
3
πρ−a
3 = constant, (84)
and we have set K = −1, which holds in cases we are interested in as we see in section V.
Below, we use the scale factor a as the independent variable based on these equations.
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To summarise, we solve the following 4 differential equations in practice:
dχ
da
= yˆ :=
y
∂taγ−
, (85)
dyˆ
da
= − 2∂χf
a2(∂ta)2fγ2−
+
6πσ
a(∂ta)2γ3−
− 4yˆ
aγ2−
− ∂
2
t ayˆ
(∂ta)2
− a(∂ta)2yˆ3, (86)
dr
da
=
w
∂taγ−
= ayˆ, (87)
dm
da
= −3ayˆm
r
+
24πa3f 2yˆ∂rRρ−
r3
, (88)
and determine the other variables using the equations derived above.
V. BOUNDARY CONDITIONS
Having clarified the evolution equations, we now need to supply the conditions on the
initial time surface and at the outer boundary to determine evolution of the dynamical
variables.
We assume that the shell comoving radius is not increasing at the initial time. Then, we
can divide the spacetime into three domains: the dust FLRW region inside the shell, the
LTB region outside the shell and the region outside the initial shell comoving radius. Since
recent observations strongly suggest that our universe is very close to a spatially flat one,
we assume the spacetime in this outermost region to be given by the dust-dominated flat
(EdS) universe. This assumption will fix the boundary condition at the outer boundary as
discussed in section VA in more detail. We also describe the conditions on the initial time
surface in section VB.
A. Outer boundary
We summarise the boundary conditions on the outer boundary that separates the LTB
region and the outermost EdS region in this section. We assume that there is no singular
energy distribution on this boundary and that the boundary is comoving. From this require-
ment and the first junction condition, we find that the expansion rate must be continuous
there: (
∂tR(t+, r0)
R(t+, r0)
)2
=: H2+(t+, r0) = HEdS(t+)
2 =
8π
3
ρEdS(t+), (89)
where r0, HEdS and ρEdS are the comoving coordinate r at the outer boundary, the Hubble
expansion rate and the energy density of the EdS region, respectively. In addition, under
this assumption, an equation similar to (65) implies
M(r0) =
4π
3
R(t+, r0)
3ρEdS(t+), (90)
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that is, the total mass surrounded by the outer boundary must be equal to that of the EdS
spacetime with the same areal radius. From Eqs. (25), (89) and (90), we obtain
k(r0) = 0. (91)
B. Initial surface
We summarise the conditions to impose at the initial time surface below. Hereafter, we
describe initial values by using subscript “0”. We assume that the LTB region is infinitesimal
at the initial time, that is,
a(t−0)f(χ0) = R(t+0, r0). (92)
In section IV, we assumed that the dust fluid passes through the shell without any fric-
tion, and this requirement implied at Eq. (67) that the energy density of the dust fluid is
continuous at the shell location, that is,
ρ−0 = ρ+0 =: ρ0. (93)
As for the expansion rate, in Eq. (89) we showed that the LTB region and the outermost
EdS region share the common value:
H+0 = HEdS(t+0) =: H0. (94)
On the other hand, ρ+0 is not necessarily equal to ρEdS0, and H−0 is not necessarily equal
to H0. To describe discrepancies of them, we introduce δρ and δH as
δρ :=
ρ0 − ρEdS0
ρEdS0
, (95)
δH :=
H−0 −H0
H0
. (96)
In the bubble nucleation scenario, the energy density inside the shell is slightly lower
than that outside the shell as long as the tension of the shell is positive, as we can see
from Eq. (65). Then, if we take a time slice on which the Hubble parameter is uniform,
the Hubble equation (21) requires the spatial curvature K must be negative. Based on this
observation, we assume that the inside region is an open dust-dominated FLRW universe
with K = −1 and
R(t+0, r0) = R0 = br0, (97)
tB(r0) = 0, (98)
m(r0) = m0, (99)
where b is a constant that fixes the residual gauge degree of freedom in r, which was not
fixed by Eq. (43). Solutions do not depend on the value of b, while we need to choose it
so that r > 0 is maintained throughout the region of interest since numerical calculation
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breaks down at r = 0 (see e.g. Eq. (88)). tB(0) has been set to 0 using the time-shift degree
of freedom. From the Einstein equation (25), we obtain
H20 =
(∂tR)
2
R2
∣∣∣∣
t=t+0
=
2M
R3
∣∣∣∣
t=t+0
=
1
3b3
m0 ⇔ m0 = 3b3H20 . (100)
Initial values of the variables can be expressed in terms of δρ and δH as follows. From
the Hubble equation (21), we obtain
1
a20
= H2−0 −
8π
3
ρ0 ⇔ a0 = 1
H0
√
δ2H + 2δH − δρ
, (101)
where we have used H20 = 8πρEdS0/3. From the first junction condition (49), we obtain
sinhχ0 =
R0
a0
= R0H0
√
δ2H + 2δH − δρ. (102)
Integrating the Hubble equation (21) with respect to a, we find the initial time inside the
shell t−0 to be
t−0 =
1
H0
∫ 1
0
√
udu√
1 + δρ + u(δ2H + 2δH − δρ)
, (103)
while the integral of Eq. (26) with respect to R fixes that for the shell exterior region t+0 as
t+0 =
2
3H0
. (104)
The values of y0, δρ, δH and σ must be fixed so that constraint equations (71) and (72)
are satisfied. At the initial time, these equations can be written as
H0 −H0− = 4πσa0y0, (105)
coshχ0 − 1 = 4πR0σ
√
1 + a20y
2
0. (106)
Solving these equations for σ and y0, we obtain
σ2 =
R20H
2
0 (2δH − δρ) + 2− 2
√
1 +R20H
2
0 (δ
2
H + 2δH − δρ)
16π2R20
, (107)
y0 = −H0δH
4πσa0
=
−R0H20δH
√
δ2H + 2δH − δρ√
R20H
2
0 (2δH − δρ) + 2− 2
√
1 +R20H
2
0 (δ
2
H + 2δH − δρ)
. (108)
For a real solution of σ to exist, the following inequality must be satisfied:
R0H0 >
2δH
2δH − δρ . (109)
We can also solve Eq. (105) for δρ as follows:
δρ = 2δH − 16π
2σ2
H20
− 2
R0H20
√
16π2σ2 + δ2HH
2
0 . (110)
Only three parameters are independent among R0H0, σ/H0, δH and δρ. In the next section,
we specify R0H0, σ/H0 and one of δH or δρ as the input parameters, and determine the
other one in terms of the others using the equations above.
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VI. RESULTS
A bubble nucleation naturally realizes the interior region whose energy density is slightly
lower compared to the exterior region. Below, we focus on the cases in which the Hubble
parameter is uniform on the initial time slice, that is, δH = 0. This condition implies
y = w = m˙ = 0 at the initial time as we can see from Eqs. (77) and (108), and thus r
derivatives of physical quantities, e.g., ∂rm = m˙/w, cannot be numerically calculated there
although it is a regular quantity. Therefore, in our calculation we set very small but finite
value δH = 10
−8. We confirmed that the numerical results are insensitive to its precise value
as long as it is sufficiently small. We examine also the δρ = 0 case in Appendix A.
Before showing the results, we define Hhc as the Hubble parameter at the horizon crossing
when the shell area radius R(ts+, r
s) satisfies
1/R(ts+, r
s) = HEdS(t
s
+) =: Hhc. (111)
The Hubble radius is given by 1/Hhc. We regarded R0H0 and σ/H0 as the independent
parameters in the initial data construction, but it turns out that the analysis is simplified if
we regard the value of σ/Hhc as one of the controlling parameters. Therefore, for each value
of R0H0, we have tuned the value of σ/H0 so that the desired value of σ/Hhc is realized.
Values of σ/H0 and labels for each model used in the numerical analysis are summarised in
Table I.
TABLE I: Parameter sets for numerical calculations in the δH = 10
−8 cases. The value in each cell
shows σ/H0 for which σ/Hhc takes the value specified in the top row when R0H0 is fixed to the
value shown in the leftmost column.
❍
❍
❍
❍
❍
❍
❍
❍
❍
R0H0
σ/Hhc
1.72 × 10−5 8.58× 10−4 8.58 × 10−3
2 4.000 × 10−6 [R2-1] 2.000 × 10−4 [R2-2] 2.000 × 10−3 [R2-3]
3 1.510 × 10−6 [R3-1] 7.505 × 10−5 [R3-2] 7.450 × 10−4 [R3-3]
4 7.000 × 10−7 [R4-1] 3.490 × 10−5 [R4-2] 3.445 × 10−4 [R4-3]
To clarify the possible parameter region of σ/Hhc, let us consider the shell at the moment
of maximum area radius R˙ = 0, for which the mass of the shell is roughly estimated as
∼ 4πσR2. As will be shown below, the maximum area radius of the shell is approximately
given by ∼ 1/Hhc (see e.g. Fig. 2), hence the mass of the shell at this moment is ∼ 4πσ/H2hc.
Since the shell energy cannot be larger than the total energy inside the bubble at the initial
time, we obtain the following inequality:
4πσ
H2hc
< Mmax :=
4
3
πR30ρEdS0 =
1
2
H20R
3
0. (112)
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If we roughly approximate the shell trajectory before the moment of R˙ = 0 by a comoving
trajectory in the EdS universe, we obtain
H2(ts+)R
3(ts+, r
s) ∼ const. ∼ H20R30,
where the left-hand side becomes ∼ 1/Hhc if evaluated at the moment of horizon crossing
defined by Eq. (111). Therefore, from Eq. (112), we find
σ
Hhc
.
1
8π
. (113)
We summarise the time dependence of the shell and dust fluid motion in Fig. 2. In every
case, a black hole forms as a result of the shell collapse. where the black hole (apparent)
horizon is specified by the condition R(ts+, r
s) = 2M(rs) (see, e.g., Ref. [22]). We can see
also that the cases with common value of σ/Hhc share almost the same time dependence.
This feature can be observed also in the value of black hole mass MBH at the black hole
formation time as shown in Fig. 3. Fitting the numerical data, we find that the black hole
mass at the formation time for all values of R0H0 is roughly given by
MBH|initial ≃ 17σ/H2hc. (114)
After the shell collapse, the dust fluid in the LTB region falls into the black hole as shown
in Fig. 2, and the black hole mass increases with time as a result. Since only the dust in the
LTB region can fall into the black hole, the maximum value of the black hole mass is equal
to the initial total mass of the shell and the dust in that region given by Mmax.
The time evolution of the black hole mass is shown in Fig. 4. When σ/Hhc ≪ 1, the
time evolution is controlled only by the parameter σ/Hhc. This plot also indicates that
the black hole mass grows obeying a power law in the time domain shortly after the shell
collapse before the mass approaches the maximum value (112). Fitting the numerical data
of the horizon radius to a function ∝ tp over t+Hhc ∈ [50, 500], we find p = 0.685 and 0.680
for the cases R2-1 and R2-2, respectively. We can find good agreement also between these
power-law functions and the data for different values of R0H0 (R3-1, R3-2, R4-1, R4-2). It
would be interesting to confirm if this behavior is a universal one, and if it is the case we
can estimate the time scale for the dust in the LTB region to be completely swallowed by
the black hole based on this behavior.
Let us focus on the density profile outside the black hole. Since the results do not
significantly depend on the value of R0H0, we show our results for only R0H0 = 2 cases.
In Fig. 5, we show the density profile in the LTB region at t+Hhc = 3.0, 23, 47, 233 for
R0H0 = 2. From this result we find
ρ ∝ R−3/2 near the center. (115)
This density profile is expected to be realized around a black hole. It would provide a
significant observable relic of the spherical domain wall collapse.
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FIG. 2: Time evolution of the shell trajectory (green solid curve) and comoving lines of the dust
fluid (red dashed curves). The outermost comoving line separates the LTB region outside the shell
and the outermost EdS region. After crossing with the shell trajectory, the dust trajectories are
inflected inward and eventually swallowed by the black hole (purple solid line) in the central region
of the collapse. Black hole horizons almost overlap with the vertical axes in the figures in the left
column.
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FIG. 3: Dependence of the initial black hole mass MBH|initial on the shell tension σ/Hhc for
R0H0 = 2, 3, 4. Fitting the numerical data, the black hole mass is found to behave MBH|initial ≃
17σ/H2hc for any R0H0.
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FIG. 4: Time evolution of the black hole horizon radius. The maximum value of the black hole
radius is shown by the red horizontal line, and the horizon radius converges into this line at the
late time. Fitting the numerical data to a function ∝ tp+ over t+Hhc ∈ [50, 500], we find p = 0.685
and 0.680 for the cases R2-1 and R2-2, respectively. The data for different value of R0H0 (R3-1,
R3-2, R4-1, R4-2) appear to be consistent with this fitting formula.
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FIG. 5: Density of the dust fluid in the LTB region at t+H+ = 3.0, 23, 47, 233 for the cases R2-1,
R2-2, R2-3. The cases with different values of R0H0 give mostly the same results. At any t+, the
density behaves as ρ ∝ R−3/2 in the region where the area radius is sufficiently small.
VII. SUMMARY AND DISCUSSION
In this paper, we have analysed spherical domain wall collapse in a dust-dominated uni-
verse. An under-dense region is surrounded by a spherical domain wall, and the spacetime
region outside the domain wall is described by the LTB solution which is made inhomo-
geneous due to gravitational interaction with the collapsing domain wall. This system is
supposed to be a relic of a bubble nucleation during the inflation.
Applying Israel’s junction conditions to this system, we derived ordinary differential equa-
tions for the shell trajectory and the inhomogeneity in the LTB region. Numerically solving
these equations, we found that a black hole forms as a consequence of the shell collapse for
any initial condition. We also found that the mass of the black hole at its formation is given
by MBH ≃ 17σ/H2hc, where σ and Hhc are the shell tension and the Hubble parameter at the
moment of the horizon crossing of the shell. The matter density ρ in the LTB region near
the central region shows a characteristic behavior ρ ∝ R−3/2, where R is the area radius.
From the formula MBH ≃ 17σ/H2hc, the black hole mass at its formation is estimated as
MBH ∼ 3.4× 1017
(
σ~2
GeV3
)(
1/Hhc
30 kpc
)2
M⊙, (116)
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where the range of σ/Hhc is restricted in the region σ/Hhc . O(1) due to the energy
conservation(see Eq. (113)). If we consider 100 Mpc comoving length of a bubble at the
horizon entry, (σ~2)1/3 cannot be lager than ∼ 1 GeV. Furthermore, a shell with (σ~2)1/3 ∼
1MeV and 100 Mpc comoving scale forms a black hole with the mass ∼ 109M⊙. (σ~2)1/3
must be larger than this value for the inflation model that gives the bubble nucleation to be
compatible with the BBN scenario, but such a shell would form a black hole heavier than
∼ 109M⊙, which may not be acceptable observationally. Therefore our setting is not likely
to be applicable to the late matter-dominated era. If there were any matter-dominated
epoch in the early universe before the matter-radiation equality, however, the bubble scale
at the horizon crossing could be smaller than the value above. Black holes with realistic
mass could be formed due to the bubble collapse in such a case.
It would be interesting to analyse a bubble collapse in the radiation-dominated epoch,
since bubbles of smaller scale enters in the horizon in this epoch. Such small-scale bubbles
could form black holes with realistic mass as long as they collapse to sufficiently small
size. To examine such a scenario, we would need to solve the dynamics of spherically-
symmetric spacetime and matter fields numerically. This analysis is an important future
work that would also provide further observational features of the bubble nucleation in the
early universe.
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Appendix A: Figures for δρ = 0
We summarise the results for the δρ = 0 cases in this appendix. The parameter sets and
their labels are listed in Table II. The results for this case turn out to be parallel to those
in the δH = 10
−8 case.
Figure 6 shows the trajectories of the shell and dust fluid, and their qualitative behaviors
are similar to those in the δH = 10
−8 case shown in Fig. 2.
Figure 7 shows the time evolution of the black hole mass after the collapse. Fitting the
numerical data to a function ∝ tp+ over t+Hhc ∈ [50, 500], we find p = 0.668 and 0.720 for
the cases R2-1-ud and R2-2-ud, respectively. This fitting formula appears to be consistent
also with the other results (R3-1-ud, R3-2-ud, R4-1-ud, R4-2-ud). These powers coincide
with those in the δH = 10
−8 cases within 10% relative differences.
Figure 8 shows the σ/Hhc dependence of the black hole mass at the moment of its for-
mation. Similarly to the δH = 10
−8 case, the results are independent of R0H0 and show
the universal behavior MBH ≃ 17σ/Hhc. Figure 9 shows the dust density profile in the LTB
region at some moments after the shell collapse. The results do not depend on R0H0 as
22
mentioned above, and thus the results only for R0H0 = 2 are shown there. We can see that
the universal behavior ρ ∝ R−3/2 for the δH = 10−8 cases holds also for these δρ = 0 cases.
TABLE II: Parameter sets for the δρ = 0 case. The value in each cell shows σ/H0 for which σ/Hhc
takes the value shown in the top row when R0H0 is fixed to the value in the left column.
❍
❍
❍
❍
❍
❍
❍
❍
❍
R0H0
σ/Hhc
1.40× 10−5 7.01× 10−4 6.99 × 10−3
2 4.000 × 10−6 [R2-1-ud] 2.000 × 10−4 [R2-2-ud] 2.000 × 10−3 [R2-3-ud]
3 1.370 × 10−6 [R3-1-ud] 6.870 × 10−5 [R3-2-ud] 6.810 × 10−4 [R3-3-ud]
4 6.100 × 10−7 [R4-1-ud] 3.055 × 10−5 [R4-2-ud] 3.015 × 10−4 [R4-3-ud]
Appendix B: Consistency of the constraint equations
Some of the equations derived from the junction conditions turn out to be constraint
equations, and they must be kept satisfied on the entire shell trajectory. Below, we show
that the constraint equations (50) and (51) are kept satisfied by the other equations and the
initial data given in the main text.1
The total differential of (50) gives a dynamical equation:
d
dτ
[γ−∂t(ln a) + y∂χ(ln f)− γ+∂t(lnR)− w∂r(lnR)] = 0 (B1)
⇔
(
∂χf
f
+
a∂tay
γ−
)
y˙ −
(
∂rR
R
+
∂tRw
Rγ+
)
w˙ +
wr2
2R∂rR
k˙
+
(
−(∂ta)
2
a2
+
∂2t a
a
)
γ2− +
(
(∂ta)
2 − 1
f 2
)
y2 +
(
(∂tR)
2
R2
− ∂
2
tR
R
)
γ2+
+
(
2∂rR∂tR
R2
− ∂t∂rR
R
)
γ+w +
(
(∂rR)
2
R2
+
kr
R∂rR
)
w2 = 0, (B2)
where we have used ∂2χf = −Kf , (∂χf)2 = 1−Kf 2 and
γ˙− = a∂tay
2 + a2yy˙/γ−, (B3)
γ˙+ = ww˙/γ+. (B4)
1 This derivation is equivalent to showing that two among Eqs. (51), (52), (57) and (58) are not independent
from the others if the first junction condition (49) is assumed to hold on the whole trajectory of the shell.
This degeneracy is a consequence of the Bianchi identity since Eqs. (51), (52), (57) and (58) can be
regarded as two “dynamical” equations, the “Hamiltonian” and “momentum” constraints for the “time
evolution” in the direction of the unit normal sµ, respectively.
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FIG. 6: Time evolution of the shell trajectory (green solid curve) and comoving lines of the dust
fluid (red dashed curves) in the δρ = 0 case.
We also used the fact that the differential of ∂rR with respect to τ is calculated as
d
dτ
(∂rR) =
d
dτ
√
1− kr2 = −2krw − r
2k˙
2∂rR
. (B5)
As shown in Ref. [21], ∂t∂rR can be expressed as
∂t∂rR = G∂rm+H∂rk + I∂rtB + J
=
1
w
(Gm˙+Hk˙ + It˙B) + J. (B6)
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FIG. 7: Time evolution of the black hole mass in the δρ = 0 case. The data for common value
of σ/Hhc show almost the same time evolution irrespective of the values of R0H0. Fitting of a
function ∝ tp+ to the numerical data over t+Hhc ∈ [50, 500] gives p = 0.668 and 0.720 for the cases
R2-1-ud and R2-2-ud, respectively. This fitting formula appears to be consistent also with the
other results (R3-1-ud, R3-2-ud, R4-1-ud, R4-2-ud).
Eliminating ∂t∂rR using this equation, Eq. (B2) is reduced to(
∂χf
f
+
a∂tay
γ−
)
y˙ −
(
∂rR
R
+
∂tRw
Rγ+
)
w˙ +
(
wr2
2R∂rR
− γ+H
R
)
k˙ − γ+G
R
m˙− γ+I
R
˙tB
+
(
−(∂ta)
2
a2
+
∂2t a
a
)
γ2− +
(
(∂ta)
2 − 1
f 2
)
y2 +
(
(∂tR)
2
R2
− ∂
2
tR
R
)
γ2+
+
(
2∂rR∂tR
R2
− J
R
)
γ+w +
(
(∂rR)
2
R2
+
kr
R∂rR
)
w2 = 0. (B7)
The total differential of Eq. (51) gives another dynamical equation:
d
dτ
[
w∂t(lnR) + γ+∂r(lnR)− y∂ta− γ−
a
∂χ(ln f)
]
= 0, (B8)
⇔ −
(
∂ta+
a∂χfy
fγ−
)
y˙ +
(
∂tR
R
+
∂rRw
Rγ+
)
w˙
+
(
− γ+r
2
2R∂rR
+
wH
R
)
k˙ +
wG
R
m˙+
wI
R
˙tB
+
∂ta∂χf
a2f
γ2− −
∂ta∂χf
f
y2 +
(
−∂2t a+
1
af 2
)
γ−y
−∂tR∂rR
R2
γ2+ +
(
J
R
− ∂rR∂tR
R2
)
w2
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FIG. 8: σ/Hhc dependence of the black hole mass MBH for R0H0 = 2, 3, 4 in the δρ = 0 case.
Irrespective of R0H0, the black hole mass obeys MBH ≃ 17σ/Hhc.
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FIG. 9: Dust fluid density in the LTB region at t+Hhc = 2.9, 29, 57, 285 in the δρ = 0 case. The
density behaves as ρ ∝ R−3/2 in the region where the area radius R/Hc is sufficiently small.
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+
(
−(∂rR)
2 + (∂tR)
2
R2
+
∂2tR
R
− kr
R∂rR
)
γ+w = 0. (B9)
Using the expressions for m˙, k˙, ˙tB and y˙ derived from Eqs. (44), (52), (57), (58) and the
constraints shown in the main text, we can show that the time derivative of the constraint
equations (B2) and (B7) are trivially satisfied. In the derivation, we have used the following
identities:
CI − EG = r
3
6R
, (B10)
DI −EH = −1
2
r2, (B11)
E = −∂tR, (B12)
I =
r3m
6R2
, (B13)
FI + EJ − kr = r
3m∂rR
6R2
− r
2m
2R
. (B14)
In section VB, we assumed that Eqs. (71) and (72), which are derived from the constraints
(63) and (64) and thus from Eqs. (50) and (51), to hold at the initial time. Thus we can
conclude that the constraints (50) and (51) are satisfied at the initial time and are guaranteed
to be kept satisfied due to the derivations above.
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